We combine results about Whitehead groups of finite groups with results about genetic bases of finite p-groups to compute the Whitehead groups of some metacyclic p-groups. Let C p n denote a cyclic group of order p n for p an odd prime and n a positive integer.
Introduction
The state-of-the-art techniques to calculate Whitehead groups of finite groups are gathered in a book by Robert Oliver of 1988 [7] . Since then, new results that describe the Whitehead group of a given group usually appear merged in algebraic topology articles that have a different purpose (see for example [5] , [6] and [11] ), no systematic approach to achieve new results has been done in recent years. Nonetheless, as can be seen in the cited articles, the need to calculate the Whitehead group of certain finite groups remains, and is, in general, not an easy problem. In this article we apply results about genetic bases of finite p-groups, recently introduced by Serge Bouc, to a specific result from the book of Oliver to do computations that lead us to the following conjecture and theorem. Conjecture 1. Let p be an odd prime and i be a positive integer. For n ≥ 2i define:
where E(i) is 1 if i is even and 0 if it is odd, and ⌊i/2⌋ is the floor of i/2. For n ≥ 2, let W be the torsion part of the Whitehead group of C p n × C p n . Then, the multiplicity of C p i , for 0 < i < n, in the decomposition of W as a product of cyclic groups, is T i (n) if 2i ≤ n and T n−i (2(n − i)) otherwise.
This conjecture includes the cases n = 2 and 3, proved by Oliver in [7] . We give a sketch of the proof for the case n = 4. The formulation of this conjecture relies on observations made for some examples through the use of a GAP [4] program.
It is worth noticing that the calculations made by the GAP program as well as the techniques we use here to prove the cases n = 2, 3 and 4 can be applied in the exactly same way to any abelian p-group for p odd. In particular, this points out that further calculations with GAP should lead to a conjecture for the torsion part of the Whitehead group of any abelian p-group with p odd. However, the computer memory needed to perform these calculations increases rapidly.
We also prove: The case n = 3 of this theorem was already treated by Oliver in Example 9.9 of [7] . The techniques used to prove this result can be generalized to any p-group, with p odd, having a normal abelian subgroup with cyclic quotient. In fact, if P is a p-group satisfying these conditions, we observe that if {S 1 , . . . , S k } is a genetic basis for P with S 1 = P , then the torsion part of the Whithead group of P is isomorphic to a quotient of k i=2 N P (S i )/S i , where N P (S i ) is the normalizer of S i in P . The definition of genetic basis will be explained in the next section.
Preliminaries
All groups are finite and written multiplicatively.
The results of this section are taken from Oliver [7] and Bouc [2] .
The Whitehead group of a finite group
Let R be an associative ring with unit. The infinite general linear group of R, denoted by GL(R), is the direct limit of the inclusions GL n (R) → GL n+1 (R) as the upper left block matrix. Now, for each n > 0, denote by E n (R) the subgroup of GL n (R) generated by all elementary n × n-matrices. By taking the direct limit as before but for the groups E n (R), we obtain a subgroup of GL(R), denoted by E(R). Whitehead's Lemma states that E(R) is equal to the derived subgroup of GL(R). The group K 1 (R) is defined as the abelianization of GL(R), which is then equal to GL(R)/E(R). If G is a finite group and we take R as the group ring ZG, then elements of the form ±g for g ∈ G can be regarded as invertible 1 × 1-matrices over ZG and hence they represent elements in K 1 (ZG). Let H be the subgroup of K 1 (ZG) generated by classes of elements of the form ±g with g ∈ G. The Whitehead group of G is defined as W h(G) = K 1 (ZG)/H. In the words of Oliver: by construction, W h(G) measures the obstruction to taking an arbitrary invertible matrix over ZG and reducing it to some ±g via a series of elementary operations.
The groups K 1 (ZG) and W h(G) are finitely generated abelian groups. Their rank was described by H. Bass as in the next theorem, and a first description of the torsion part of W h(G) is given after the theorem. Theorem 1.1 (Theorem 2.6 in [7] ). Let G be a group and set r and q as the number of non-isomorphic real and rational, respectively, irreducible representations of G. Then rk(W h(G)) = rk(K 1 (ZG)) = r − q.
The group SK 1 (ZG) is defined as the kernel of the morphism K 1 (ZG) → K 1 (QG). By Theorem 2.5 in [7] it is a finite group and by a theorem of C. Wall (Theorem 7.4 in [7] ) it is isomorphic to the torsion subgroup of W h(G). To study SK 1 (ZG), Oliver introduces another group, in the following way: for each prime p, letẐ p andQ p denote the p-adic completions of Z and Q respectively, and set SK 1 (Ẑ p G) as the kernel of the morphism
The sum on the right is actually finite since SK 1 (Ẑ p G) = 1 if p ∤ |G|, and by Theorem 3.9 in [7] , the morphism l is onto. 
This implies that if G is an abelian group or a metacyclic group, describing the torsion part of W h(G) amounts to describing the group Cl 1 (ZG).
We now focus on the results we will use when working on p-groups with p odd. The first ingredient is Roquette's Theorem. We will consider the following more recent version appearing as Theorem 9.4.1 in Bouc [2] . Theorem 1.3. Let p be a prime, P a p-group and V a simple QP -module. Then there exists a section S T P and a faithful irreducible Q(T /S)-module W such that:
This isomorphism induces an isomorphism of Q-algebras
End QP V ∼ = End Q(T /S) W.
The group T /S is cyclic if p is odd and dihedral
Each one of the groups appearing in 3 has only one faithful irreducible rational representation. If p is odd and the quotient T /S is cyclic of order p r , then this representation is Q(ζ r ), where ζ r is a primitive p r -th root of unity and where a generator of T /S acts by multiplication by ζ r . In this case, the Q-algebra Q(ζ r ) is also isomorphic to End Q(T /S) W .
The following definition is taken from [7] but not written in its entire generality, we write it specifically for the case p odd. Definition 1.4 (Definition 9.2 in [7] ). Let p be an odd prime and write QP = k i=1 A i , where A i is simple with irreducible module V i and center K i . By the previous theorem, for each 1 ≤ i ≤ k, the field K i is isomorphic to Q(ζ r i ), where ζ r i is a primitive p r i -th root of unity for some non-negative r i , and A i is isomorphic to a matrix algebra over Q(ζ r i ).
Suppose that V 1 is the trivial module and consider the abelian group T = k i=2 ζ r i . For each h ∈ P , define
where
It is easy to see that ψ h is a group homomorphism. The last result of this section tells us how to find the group Cl 1 (ZP ). Theorem 1.5 (Theorem 9.5 in [7] ). Let p be an odd prime and consider T as in the previous definition. Also, for every h in P define ψ h : C P (h) → T as before. Then
Observation 1.6. When p is odd and P is abelian, we can write QP = k i=1 K i , where the K i are as before, and consider the characters χ i : P → ζ r i . Then for each h ∈ P , the function ψ h : P → T takes the form
Actually, in this case, we can consider a function ψ : P × P → T that sends a pair (h, g) to ψ h (g).
Genetic bases of p-groups
After the reformulation of Roquette's Theorem, Bouc shows (Lemma 9.4.3 in [2] ) that if S T P is one of the sections appearing in the theorem, then one has T = N P (S). With this, we have the following definition.
Definition 1.7.
A subgroup S of a p-group P is called genetic if the section S N P (S) P satisfies points 2 and 3 of Theorem 1.3, where W is the unique faithful irreducible Q-module of N P (S)/S and V = Ind
Notation 1.8. Let P be a p-group an S be a genetic subgroup of P . If Φ N P (S)/S denotes the unique irreducible faithful rational representation of N P (S)/S, then we write
The following theorem characterizes the genetic subgroups of a p-group. Theorem 1.9 (Theorem 9.5.6 in [2] ). Let P be a p-group and S a subgroup of P such that N P (S)/S is cyclic if p is odd, or also dihedral, semi-dihedral or generalized quaternion if p = 2. Then the following conditions are equivalent:
The next result gives us a necessary and sufficient condition for two genetic subgroups S and T of P to produce isomorphic representations, V (S) ∼ = V (T ), it is part of Theorem 9.6.1 in [2] . Theorem 1.10. Let P be a p-group and S and T be genetic subgroups of P . The following conditions are equivalent:
1. The QP -modules V (S) and V (T ) are isomorphic.
There exists
x ∈ P such that x T ∩ N P (S) S and S x ∩ N P (T ) T .
If these conditions hold, then in particular the groups N P (S)/S and N P (T )/T are isomorphic.
The relation between groups appearing in point 2 is denoted by S P T . The theorem shows that this relation is an equivalence relation on the set of genetic subgroups of P , and we have the following definition. Definition 1.11 (Definition 9.6.11 in [2] ). A genetic basis of P is a set of representatives of the equivalence classes of P in the set of genetic subgroups of P . Observation 1.12. Suppose that p is odd and that {S 1 , . . . , S k } is a genetic basis for P with S 1 = P . Then Theorem 1.5 says that Cl 1 (P ) is isomorphic to a quotient of k i=2 N P (S i )/S i . This is because we can see the module Φ N P (S i )/S i ∼ = Q(ζ r i ), where r i = |N P (S i )/S i | as actually being generated by a generator of N P (S i )/S i and thus the action of N P (S i )/S i on it can be seen as multiplication on the group. Observation 1.13. If P is an abelian group, a genetic subgroup of P is a subgroup with cyclic quotient, and the relation P becomes equality. So, in this case there is a unique genetic basis S, consisting of the subgroups of P with cyclic quotient. It is not hard to see that the genetic subgroups of P in this case can be obtained as the kernels of the irreducible complex representations of P .
In this case, if p is odd and {S 1 , . . . S k } is the genetic basis for P , with S 1 = P , then with the help of Observation 1.6, Theorem 1.5 can be reformulated in the following way: Take T = k i=2 P/S i , and for each h ∈ P define the group homomorphism ψ h :
Then Theorem 1.5 says that Cl 1 (P ) is isomorphic to T / Imψ h | h ∈ P .
Genetic bases of two metacyclic groups
Given a finite metacyclic group G with a presentation
where the integers m, s, t and r satisfy r s ≡ 1 (mod m) and m|t(r − 1), one can find the cardinality of a genetic basis of G in the following way: Basmaji in [1] describes all the non-isomorphic irreducible complex representations of G, let us denote them by Irr G. Next, if G has exponent n and ε is a primitive n-th root of unity, then Gal(n), the Galois group of the extension Q(ε) : Q, acts on Irr G, and the number of non-isomorphic irreducible Q-representations of G is the number of orbits of this action (section 70 of Curtis and Reiner [3] ). This method can be easily used for any of our two examples, but of course, for the first example there are other methods.
The following descriptions work for any prime p, but remember that in the next section we will only be considering p odd.
C p n × C p n
Suppose n and m are positive integers with m ≥ n. The size of the genetic basis of C p n × C p m is equal to the number of subgroups with cyclic quotient, which is also, by duality of abelian groups, equal to the number of cyclic subgroups. This number can be found, for example, using Goursat's Lemma (Theorem 2.3 in Sim [10] ), it is equal to p
Actually, this number is equal to the sum 1 + (p + 1)
, which tells us how many groups of each index we will have in the genetic basis. Indeed, in the genetic basis for this group we will have of course 1 group of index 1, p + 1 groups of index p, then (p + 1)p i groups of index p i+1 for every 1 ≤ i ≤ n − 1 and then p n groups of index p j for every j between n and m. Clearly, any group of index bigger than p m has non-cyclic quotient so these are all the possibilities we have for the indices. Since we are interested in the case m = n, we will give a precise description of the genetic basis for this case. This description can also be obtained from Lemme 2 (Chapitre VII) in Serre [8] .
For the rest of this section, we fix P as being the group C p n × C p n . Suppose P has generators a and b, that is P = a × b and let S be the genetic basis of P . Then S consists of the following subgroups:
These are all distinct subgroups, they have all cyclic quotient in P and we have 1 + (p + 1)
i=0 p i of them, so this is the genetic basis of P . That is, a group in S of index p s for 0 ≤ s ≤ n, is given by a ν b, a p s , where ν is in the set of smallest non-negative representatives of Z/p s Z, or by ab µ , b p s where 1 ≤ s ≤ n and µ is in the same set as ν but it is a multiple of p. We write µ and ν in base p expansion since this helps us to keep track of the inclusions between subgroups. Notice that the only cyclic groups of the basis are those of index p n . The following diagrams illustrate how the genetic bases look like for the example p = 3 and n = 1, 2 and 3. Let S n be the genetic basis of P with these values. The column on the left indicates the index of the groups and how many of them are in S n . Black dots are the groups in S n and white circles indicate the rest of groups of the given index. Notice that the diagrams are symmetric with respect to the line of groups of order (and index) p n . n = 1 :
In this case, P has 4 groups of index 3, which of course are all in S 3 . Each one of them has in turn 4 groups of index 3 (and so their index in P is 3 2 ), but among these 4 groups one is contained in all the groups of index 3 and does not have cyclic quotient in P , it is a 3 , b 3 , represented by the only white dot of index 3 2 . The other 3 groups have cyclic quotient in P and so we obtain 3 · 4 = 12 groups of index 3 2 in S 3 . A similar phenomenon occurs for these groups and we obtain 3 · 12 = 36 groups of index 3 3 in S 3 .
The group M n (p)
The group M n (p) has a presentation
for n ≥ 3.
Lemma 2.1. The cardinality of a genetic basis of
Proof. By the results in [1] , we have that complex representations of M n (p) are indexed by pairs (ζ, θ), where ζ runs through a set of representatives of the natural action of r = p n−2 + 1 on the group of p n−1 -th roots of unity, and if ζ is a root of order p i with 0 ≤ i ≤ n − 1 then θ runs through the (p/s i )-th roots of unity, where s i is the order of r modulo p i . Observe that if i < n − 1, then r fixes ζ and s i = 1. For i = n − 1, by Lemma 2.1 in [10] , s n−1 = p. The exponent of M n (p) is p n−1 and the Galois group of the extension of Q by a primitive p n−1 -th root of unity is isomorphic to (Z/p n−1 Z) × . Ifq is in (Z/p n−1 Z) × , then it sends (ζ, θ) to (ζ q , θ q ). As said at the beginning of the section, the cardinality of a genetic basis is equal to the number of orbits of this action, which can now be easily computed: if ζ = 1 then we obtain two orbits, for any other ζ of order p i with 1 ≤ i ≤ n − 2 we obtain p orbits, and for ζ of order p n−1 we obtain one orbit.
To find a genetic basis of P we will find (n − 2)p + 3 groups S with cyclic quotient N p (S)/S, that satisfy condition 2 of Theorem 1.9 and which are not linked under
A genetic basis S of P consists of the following groups:
Before proving this is a genetic basis, we see a genetic basis for M 4 (3) in the following, more schematic way:
We will write B for b . For the groups a p i we will write A i and Q ij for a jp i b with 1 ≤ j ≤ p − 1 and 0 ≤ i ≤ n − 2. Proof. For any positive integer u, we have a u ba −u = ba up n−2 . Since a p n−2 is a central element, this implies that for any i and j the conjugate a u a jp i ba −u is equal to a up n−2 a jp i b. Since all the groups A n−2 B, A i B and Q ij contain a p n−2 , we have that they are all normal in P , and clearly they have cyclic quotient. Since A 0 is normal too, by Theorem 1.9, they are all genetic groups. Now, B is normal in A 1 B and not in P , so its normalizer is A 1 B. The first line of this paragraph also shows that the conjugates of B are the groups a vp n−2 b with 1 ≤ v ≤ p − 1, which are all contained in A 1 B, so by Theorem 1.9, B is genetic.
According to Theorem 1.10, we need to verify that given two genetic subgroups S and T such that N P (S)/S and N P (T )/T have the same order, then S and T are not related under P . Now, if N P (S) and N P (T ) are both equal to P , then S and T are related under P if and only if they are equal. On the other hand, it is not hard to see that the groups that are related to B are its conjugates. This finishes the proof.
3 Finding the Whitehead groups of C p n × C p n and M n (p)
In this section we suppose that p is an odd prime. Recall, for example from Exercise 13.9 on Serre [9] , that if G is a group of odd order and c is the number of irreducible non-isomorphic complex representations of G, then (c + 1)/2 is the number of irreducible non-isomorphic real representations of G. With this and Theorem 1.1, we obtain the following two results about the rank of the Whitehead group for the groups in question.
Lemma 3.1. The rank of the Whitehead group of
,
Proof. The number of irreducible non-isomorphic real representations of C p n × C p n is (p 2n + 1)/2 and, as we saw in the previous section, the number of irreducible nonisomorphic rational representations is p n + 2
which is equal to
Lemma 3.2. The rank of the Whitehead group of
Proof. From the proof of Lemma 2.1, we have that the number of complex nonisomorphic irreducible representations of M n (p) is
where Φ denotes the Euler function. This is equal to p n−3 (p − 1) + p n−1 . On the other hand, from Lemma 2.1, the number of rational non-isomorphic irreducible representations is (n − 2)p + 3.
We proceed now to calculate the torsion parts. The use of the diagrams on the previous section will be of great help.
SK
. . , S k } is the genetic basis of P = C p n × C p n , then according to the first section, we have to calculate the quotient of T = k i=1 P/S i over the group generated by the images of ψ h , where
Since each ψ h is a group homomorphism, we can take g running on a set of generators of P . The cases n = 1, 2 and 3 were already given by Oliver in [7] , but we made them here again to show how the procedure works in general.
Let P = C p × C p and suppose it has generators a and b, then the genetic basis is
. To calculate the corresponding quotient, we make the following table
Observe that the first two rows give the same result for any non-trivial element in b . The same happens for the rows corresponding to a i b and for those corresponding to a . So, from this table, actually from rows 1, 3 and 6, we see that Imψ h | h ∈ P is equal to T and so Cl 1 (ZP ) = SK 1 (ZP ) is trivial.
In the following examples the diagrams of the previous section will be a useful guide to understand the tables.
Let P = C p 2 × C p 2 , and suppose it has generators a and b. The genetic basis of P is
. We make again a table. In the isolated column on the left we write, for each ψ h , the order of the element h. Columns 1 and 2 correspond to quotient groups of order p, while columns 3 and 4 correspond to quotient groups of order p 2 . We will write only a bar over the elements to indicate their class in the quotient.
Notice that the class of b may be 1 in some cases. In the first four rows there is at most one entry of order p, and one entry of order p 2 , they correspond to i and to jp + i or to j, depending on the element h in ψ h . In the next four rows, we have blocks of size p of classes of elements, one block in the quotients of order p and another in the quotients of order p 2 , as indicated in row 5 by (∀i). This is because we are taking ψ h p , the p-th power of the elements h in ψ h of the first four rows, and so they are contained in p groups of order p 2 in the genetic basis, as can be seen in the diagram of the previous section. It is easy to see that for any other element h ∈ P , ψ h evaluated in a or b will be a power of one of the rows of the table, so Imψ h |h ∈ P is generated by these rows.
To see what the corresponding quotient is, first notice that, in the quotient, the element a a jp+i b will be identified with a −1 a i b, a p and b ab jp will be identified with b −1 a, b p . That is, the generators of the groups of order p 2 in T will be identified with generators of the groups of order p in T , so the corresponding quotient will be a quotient of the p-part of T : P/ a, b
. Now, for a fixed i take the p rows corresponding to 0 ≤ j ≤ p − 1 in the first one (1, a a i b, a p , 1, a a jp+i b ) and multiply them all, this gives (1, 1, 1, a a jp+i b (∀j)), where here at the end we have a block of size p of elements of order p 2 . Using row 5 we obtain then that the element (1, a a i b, a p (∀i), 1, 1) is in Imψ h |h ∈ P . A similar argument with rows 4 and 8 will show that (b a, b p , b a i b, a p (∀i), 1, 1) is also in Imψ h |h ∈ P . The use of the rest of the rows will add no information to what we have here, so the corresponding quotient is isomorphic to P/ a, b
what is generated by the two elements (1, a a i b, a p (∀i)) and
Let P = C p 3 × C p 3 , and suppose it has generators a and b. The genetic basis of P is
The group T in this case is then isomorphic to
The table we obtain in this case is
The first paragraph after the previous table can be extended to this one, adding that after row 9, we may have blocks of size p 2 of classes of elements, and in the last two rows there are blocks of size p 3 . As before, to see what the corresponding quotient is, first notice that, in the quotient, the element a a kp 2 +jp+i b will be identified with a −1 a jp+i b, a p 2 a −1 a i b, a p and b ab kp 2 +jp will be identified with b
That is, the generators of the groups of order p 3 in T will be identified with products of the generators of groups of order p and p 2 in T , so the corresponding quotient will be a quotient of the part of
. Now, for fixed i and j take the p rows corresponding to 0 ≤ k ≤ p − 1 in the first one (1, a aA conjecture for C p n × C p n For n = 5 and 6, the relations of the table become very complicated, but with the GAP [4] program that can be found in Appendix I, we obtained the following results for p = 3:
With these results we state the following conjecture.
Conjecture 3.3. Let p be an odd prime and i be a positive integer. For n ≥ 2i define:
where E(i) is 1 if i is even and 0 if it is odd, and ⌊i/2⌋ is the floor of i/2. Then, for an integer n ≥ 2 and p an odd prime, the multiplicity of
By Example 5 in [7] , we know that the exponent of SK 1 (Z[C p n × C p n ]) is p n−1 , so the multiplicity of C p n is 0.
In particular, the conjecture says that the multiplicity of
, as can be seen in the examples. It also says that the multiplicity of C p n−1 is always T 1 (2) = p − 1.
. The same example shows that SK 1 (ZM n (p)) is non-trivial for all n ≥ 4. Proof. We will write P for M n (p) and S for the genetic basis we found in the previous section. Except for B, all the groups in S are normal in P , so their corresponding simple modules are just inflations to P , thus they can be treated as in the abelian cases.
For B, let V be the corresponding simple module V = Ind In rows 3 and 4, what we mean byā p i (andb i ) is thatā p is only in the entry corresponding to the i from a ip b, to differentiate it from the notationā(∀i). To find the value of ψ 1 (a) in A 1 B/B, let ζ p n−2 be a primitive p n−2 -th root of unity and a j ⊗ ζ p n−2 , with j running from 0 to p − 1, be a basis over Q(ζ p n−2 ) of V (B) = Ind To finish the proof, we see what relations on T = C
